Separable ODEs: Question (1) (i) : COMPLETE SOLUTION

1. %—2y:o
d

2. d—izzy

3 ﬂ:de
y

4 J.idx=J.2dx

y

5 In|y| = 2x+C

6 y = e¥*°¢

7 y = e**ef



Separable ODEs: Question (1) (ii) : COMPLETE SOLUTION

1. d—y+4y2 =0
dx
dy 2
2. S A
dx y
3 d—Z: —4 dx
y
1
4, j—zdy - j(—4)dx
y
5 jy‘zdy=—4x+C
6 —y7t = -4x+C
7 o ax-c
y
8 y = 1




Separable ODEs: Question (1) (iii) : COMPLETE SOLUTION

10.

dy

< _ 2y =4

dx y

dy

— = 2y +4

dx y
dy = dx

2y +4

j L dy:jldx
2y +4

iIn|2y+4| = x+C

In| 2y +4| = 2x+2C

2x+ 2C

2y+4 = e




Separable ODEs: Question (1) (iv) : COMPLETE SOLUTION

1 x%+y—0
2 x%:—y
3. o &

y X
4 J.idy:—J.ldx

y X

5 In|y| = -In|x| + C
6 Injy| + In|x| =C
7 In| yx| = C
8 yx = e°



Separable ODEs: Question (1) (v) : COMPLETE SOLUTION

10.

11.

12.

(x+2)ﬂ - xy =0
dx

(x+2)d—y = XYy
dx

In|y| = J‘{l— Xiz}dx

Injy| = x - 2In|x+2| + C
In|y| + 2In|x+2| = x + C
In|y| + In‘(x+2)2‘ = x + C

In‘y(x+2)2‘ =x + C

x+C

y(x+2) =e

y (X +2)?

I
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Separable ODEs: Question (2) (i) : COMPLETE SOLUTION

1. (x+1)ﬂ = 2y
dx
2. d_y: 2 dx
y (x+1)
3. J‘idy = j 2 dx
y (x+1)
4, In|y| = 2In|x+1| + C

Apply condition y(0) = 1

5. In|1| = 2In|0+1] + C
6. C =20
Input value

7. In|y| = 2In|x+1] + 0
8. Iny| - In‘(x+1)2‘ =0
9. In y =

(x +1)°
10. y

(x +1)°

11. y = (x+1)?




Separable ODEs: Question (2) (ii) : COMPLETE SOLUTION

10.

dy

tan (2 x
i y tan(2x)

% tan(2x) dx
y

J‘%dy = J tan (2x) dx

In|y| = —%Infcos(2x)| + C

Apply condition y(0) = 2

In|2| = —%In|cos(2x0)| + C
C = In|2|

Input value

In|y| = —%In|cos(2x)| + In|2]|

y[cos(2x)]"*
2

=0

In‘

y[cos(2x)]"”




Integrating Factor ODEs: Question (3) (i)

dy
= —y =3
dx y

Determination of Integrating Factor:

p(x) = -1

r(x) = el P0°
_ ej(—l)dx
= eix

Final Steps:

_, dy _

[ y = 3e
dx y

d

e 'y = jBe‘X dx

y = -3 + Ce™




Integrating Factor ODEs: Question (3) (ii)

—— + 2y = 6¢e”

dx

Determination of Integrating Factor:

Final Steps:

p(x) = +2

r(x) = el "0
_ ej(+2)dx
— er

ezxg—y + 2e¥y = 6e*
X

dx

ey JGeSX dx

2e* + C

-2X

y = 2e* + Ce




Integrating Factor ODEs: Question (3) (iii)

Yy + 2Xy = xe~
dx

XZ

Determination of Integrating Factor:

p(x) = 2x

r(x) = el P

_ ef (2x) dx

Final Steps:




Integrating Factor ODEs: Question (3) (iv)

gy + 2Xy = 2X

dx

Determination of Integrating Factor:
p(x) = 2x

r(x) = el P

ef (2x) dx

Final Steps:

u = X
d—u:2x
dx

du = 2xdx

e' + C

y=1+cCe™




Integrating Factor ODEs: Question (3) (v)

xd—y+y:x+x3
dx

dy
dx

2

+ly:1+x
X

Determination of Integrating Factor:

p(x) = ~
X

r(x) = el "0°

_ ejédx
_ eln\x\
= X
Final Steps:
x y = x + x°
dx
d 3
— x = X + X
v ]




Integrating Factor ODEs: Question (3) (vi)

xﬂ =y + (x+1)?
dx

xﬁ —y = (x+1)?
dx

dy 1 (x+1)2

- - -y = ——

dx X X

Determination of Integrating Factor:

_ e
_ e—ln\x\
_ eln‘x’l‘
= X_l
_1
X
Final Steps:
1dy 1 ()’
X dx x? x?
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ax| x X’

R X

[
>
+
~

=

el
|
I
n
O

2

y = x* + 2xIn|x| + Cx -1




Integrating Factor ODEs: Question (3) (vii)

dy 2 2 A X
—~ - Zy = Xx‘¢e
dx xy

Determination of Integrating Factor:
2

p(x) = -~

X

e.[ p(x) dx

—I 2 dx

-2 1In| x|

r(x) =
= e
= e
In‘x’z‘

= X_2
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Integrating Factor ODEs: Question (3) (viii)

dy
— = X
dx+y

Determination of Integrating Factor:

p(x) =1
r(x) = el "0
_ ejldx
= eX
Final Steps:
eXﬂ + e’y = e"x

<
Il

Iexxdx

e’ x — jex.ldx

e*x —e* + C
= (x-1)e* + C

y = (x-1) + Ce™*




Integrating Factor ODEs: Question (4) (i)

gy +y = (x+1)°
dx

Determination of Integrating Factor:

p(x) =1

r(x) = el "0
_ Ildx
= e*

Key Final Steps:
efy = J‘ex(x+1)2 dx
Repeated integration by parts leads to
e*y = e*[(x+1)* - 2(x+1) + 2] + C

Apply condition y(0) = 0:

e®0 = e°[(0+1)> - 2(0+1) + 2] + C]

Substitute value and solve for vy :

ey = e*[(x+1)?* - 2(x+1) + 2] -1

y = (x+1)> - 2(x+1) + 2 — e™*




Integrating Factor ODEs: Question (4) (ii)

Q—Zy:e“ + e ¥

dx

Determination of Integrating Factor:

Key Final Steps:

This leads to

Apply condition y(0)

Substitute value:

p(x) = -2

r(x) = el P
_ ej(—Z)dx
— e—2x

e ¥y = '[(1 + e %) dx
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Integrating Factor ODEs: Question (4) (iii)

ﬂ+y:x

dx

Determination of Integrating Factor:

p(x) =1

r(x) = el "0
_ Ildx
= e*

Key Final Steps:

Integration by parts leads to
y =x-1+Ce™
Apply condition y(0) = 0:
0=0-1+Ce™®

0 -1+ C

C =1

Substitute value:




Integrating Factor ODEs: Question (4) (iv)

dy 6
X— — 3y = X
dx y
dy 3 5
—~ — -y = X
dx xy

Determination of Integrating Factor:

3
p(x) = -=
X
r(x) _ J.p(x)dx
_ I G
_ e—SIn\x\
_ In‘x’3‘
= X73
Key Final Steps:
x %y = J-x2 dx
This leads to
y = ix* + Cx°
Apply condition y(1) = 2:

Substitute value:




2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (5)(i) — (viii)
These should be straightforward.
You may have the terms the other way round, e.g. in part (i) you may have
y = Ae® + Be¥
instead of
y = Ae¥™ + Be %,
but that is fine.

If an answer doesn’t agree, check the coefficients of the auxiliary equation and its
solution. Just remember:

Two real roots &y = Ae® + Beh*

Two complexroots « y = e“*[ Acos(Bx) + Bsin(fx) ]

One real root & vy = (A + Bx)er .



2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (6) (i)

d?y dy
=Y _ 2 _ gy =0
dx? dx Y
Auxiliary equation has two real roots.
General solution: y = Ae”™ + Be ™

I
o

Apply condition y(0)
0 = Ae”® + Be ?"°

A + B

I
o

Before applying the second condition we must find j_y :
X

Y _ 4Ae* - 2Be ™™
dx

Now apply condition y’'(0) = 6:
6 = 4Ae*® — 2Be**°

4A - 2B =6

Solve the two underlined equations simultaneously to give:




2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (6) (ii)

d’y

dy
™ +6&+13y:0

Auxiliary equation has two complex roots.

General solution: y = e ¥ [Acos(2x) + Bsin(2x)]

Apply condition y(0) 2.
2 = e %[ Acos(2x0) + Bsin(2x0)]

A =2

Before applying the second condition we must find j_y using the product rule:
X

% = —3e ¥ [Acos(2x) + Bsin(2x)]
X

+ e ¥ [-2Asin(2x) + 2Bcos(2x) ]
Now apply condition y'(0) = 0:

0 = —3e > [ Acos(2x0) + Bsin(2x0)]
+ e ¥ [-2Asin(2x0) + 2B cos(2x0)]

-3A + 2B =0

Solve the two underlined equations simultaneously to give:
A=2 B =3
Substitute into general solution to give:

y = e ¥ [2cos(2x) + 3sin(2x)]




2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (6) (iii)

2
M+4ﬂ+4y:0

dx? dx
Auxiliary equation has only a single root.
General solution: y = (A + Bx)e™
Apply condition y(0) = 1:

1 = (A + Bx0)e

A=1

Note: Second condition is not a derivative condition, so no need to differentiate; apply
condition y(1) = 0 to general solution:

0 = (A + Bxl)e ™!

Substitute into general solution to give:

y = (L-x)e™




2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (6) (iv)

d?y

X2

+ 4y =0

Auxiliary equation has complex roots.
General solution: y = Acos(2x) + Bsin(2x)
Apply condition y(0) = 1:

1 = Acos(2x0) + Bsin(2x0)

A =1

Note: Second condition is not a derivative condition, so no need to differentiate; apply
condition y(Z) = 3 to general solution:

3 = Acos(%Z) + Bsin(%)

B =3

Substitute into general solution to give:

y = cos(2x) + 3sin(2x)




2nd Order ODEs - Linear, Constant Coefficients (Homogeneous): (6) (V)

2
d—2/+3ﬂ+2y:0
dx dx

Auxiliary equation has two real roots.

General solution: y = Ae™* + Be ™

I
o

Apply condition y(0)
0=Ae® + Be

A+ B =20

Note: Second condition is not a derivative condition, so no need to differentiate; apply
condition y(1) = 2 to general solution:

2 = Ae? + Be™?

Aet + Be? =2

From the first underlined equation,
B =-A.

Substitute into second underlined equation:

Ae™ — Ae? =2
Ae™ —e?) =2
A = 2
(e —e?)
and so
B - _ 2
(e -e?)
Substitute into general solution to give:
y — 2 e—x _ 2 e—Zx
(e—l e—Z) (e—l e—2)

or




