
Separable ODEs: Question (1) (i) : COMPLETE SOLUTION 
 

 1.   02 =− y
dx
dy  

 

 2.   y
dx
dy 2=  

 

 3.   dx
y

dy 2=  

 

 4.   ∫∫ = dxdx
y

21  

 
 5.   Cxy += 2ln  
 
 6.    Cxey += 2

 
 7.    Cx eey 2=
 
 8.    xeAy 2=
 



Separable ODEs: Question (1) (ii) : COMPLETE SOLUTION 
 

 1.   04 2 =+ y
dx
dy  

 

 2.   24 y
dx
dy

−=  

 

 3.   dx
y
dy 42 −=  

 

 4.   ∫ ∫ −= dxdy
y

)4(1
2  

 
 5.    Cxdyy +−=∫ − 42

 
 6.    Cxy +−=− − 41

 

 7.   Cx
y

−= 41  

 

 8.   
Cx

y
−

=
4

1  

  



Separable ODEs: Question (1) (iii) : COMPLETE SOLUTION 
 

 1.   42 =− y
dx
dy  

  

 2.   42 += y
dx
dy  

 

 3.   dx
y
dy

=
+ 42

 

 

 4.   ∫∫ =
+

dxdy
y

1
42

1  

 
 5.   Cxy +=+ 42ln2

1  
 
 6.   Cxy 2242ln +=+  
 
 7.    Cxey 2242 +=+
 
 8.    42 22 −= Cx eey
 
 9.   222

2
1 −= xC eey  

 
 10.    22 −= xeAy
 



Separable ODEs: Question (1) (iv) : COMPLETE SOLUTION 
 

 1.   0=+ y
dx
dyx  

 

 2.   y
dx
dyx −=  

 

 3.   
x
dx

y
dy

−=  

 

 4.   ∫∫ −= dx
x

dy
y

11  

 
 5.   Cxy +−= lnln  
 
 6.   Cxy =+ lnln  
 
 7.   Cxy =ln  
 
 8.    Cexy =
 

 9.   
x
Ay =  

 



Separable ODEs: Question (1) (v) : COMPLETE SOLUTION 
 

 1.   0)2( =−+ yx
dx
dyx  

 

 2.   yx
dx
dyx =+ )2(  

 

 3.   dx
x

x
y

dy
2+

=  

 

 4.   ∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
+

= dx
x

xdy
y 2
1  

 

 5.   ∫ ⎥
⎦

⎤
⎢
⎣

⎡
+

−= dx
x

y
2

21ln  

 
 6.   Cxxy ++−= 2ln2ln  
 
 7.   Cxxy +=++ 2ln2ln  
 
 8.   Cxxy +=++ 2)2(lnln  
 
 9.   Cxxy +=+ 2)2(ln  
 
 10.   Cxexy +=+ 2)2(  
 
 11.   Cx eexy =+ 2)2(  
 

 12.   2)2( +
=

x
eAy

x

 

 



Separable ODEs: Question (2) (i) : COMPLETE SOLUTION 
 

 1.  y
dx
dyx 2)1( =+  

 

 2.  dx
xy

dy
)1(

2
+

=  

 

 3.  ∫∫ +
= dx

x
dy

y )1(
21  

 
 4.  Cxy ++= 1ln2ln  
 
   Apply condition 1)0( =y  
 
 5.  C++= 10ln21ln  
 
 6.   0=C
 
   Input value 
 
 7.  01ln2ln ++= xy  
 
 8.  0)1(lnln 2 =+− xy  
 

 9.  0
)1(

ln 2 =
+x
y  

 

 10.  1
)1( 2 =

+x
y  

 
 11.   2)1( += xy
 



Separable ODEs: Question (2) (ii) : COMPLETE SOLUTION 
 

 1.  )2(tan xy
dx
dy

=  

 

 2.  dxx
y

dy )2(tan=  

 

 3.  ∫∫ = dxxdy
y

)2(tan1  

 
 4.  Cxy +−= )2(coslnln 2

1  
 
   Apply condition 2)0( =y  
 
 5.  C+×−= )02(cosln2ln 2

1  
 
 6.  2ln=C  
 
   Input value 
 
 7.  2ln)2(coslnln 2

1 +−= xy  
 

 8.  0
2

])2(cos[ln
2/1

=
xy  

 

 9.  1
2

])2(cos[ 2/1

=
xy  

 

 10.  
)2(cos

2
x

y =  

 



Integrating Factor ODEs: Question (3) (i) 
 

    3=− y
dx
dy  

 
 
Determination of Integrating Factor: 
 
    1)( −=xp  
 

     
x

dx

dxxp

e
e

exr

−

−

=

∫=

∫=
)1(

)(
)(

 
 
Final Steps: 
 

    xxx eye
dx
dye −−− =− 3  

 

    [ ] xx eye
dx
d −− = 3  

 

    
Ce

dxeye

x

xx

+−=

=

−

−− ∫
3

3
 

 
    xeCy ++−= 3  
 
     3−= + xeCy
 
 



Integrating Factor ODEs: Question (3) (ii) 
 

    xey
dx
dy 62 =+  

 
 
Determination of Integrating Factor: 
 
    2)( +=xp  
 

     
x

dx

dxxp

e
e

exr

2

)2(

)(
)(

=

∫=

∫=
+

 
 
Final Steps: 
 

    xxx eye
dx
dye 322 62 =+  

 

    [ ] xx eye
dx
d 32 6=  

 

    
Ce

dxeye

x

xx

+=

= ∫
3

32

2

6
 

 
     xx eCey 22 −+=
 
 



Integrating Factor ODEs: Question (3) (iii) 
 

    
2

2 xexyx
dx
dy −=+  

 
 
Determination of Integrating Factor: 
 
     xxp 2)( =
 

     
2

)2(

)(
)(

x

dxx

dxxp

e

e

exr

=

∫=

∫=

 
 
Final Steps: 
 

    xyex
dx
dye xx =+

22

2  

 

    [ ] xye
dx
d x =

2

 

 

    
Cx

dxxye x

+=

= ∫
2

2
1

2

 

 
    ( ) 22

2
1 xeCxy −+=  

 
 



Integrating Factor ODEs: Question (3) (iv) 
 

    xyx
dx
dy 22 =+  

 
 
Determination of Integrating Factor: 
 
     xxp 2)( =
 

     
2

)2(

)(
)(

x

dxx

dxxp

e

e

exr

=

∫=

∫=

 
 
Final Steps: 
 

    
222

22 xxx exyex
dx
dye =+  

 

    [ ] 22

2 xx exye
dx
d

=  

 
    dxxeye xx ∫= 2

22

 

 

      

dxxdu

x
dx
du

xu

2

2

2

=

=

=

 

 

    

Ce

Ce

dueye

x

u

ux

+=

+=

= ∫
2

2

 

 
     

2

1 xeCy −+=
 
 



Integrating Factor ODEs: Question (3) (v) 
 

    3xxy
dx
dyx +=+  

 

    211 xy
xdx

dy
+=+  

 
 
Determination of Integrating Factor: 
 

    
x

xp 1)( =  

 

    

x
e

e

exr

x

dx

dxxp

x

=
=

∫=

∫=

ln

)(

1

)(

 

 
 
Final Steps: 
 

    3xxy
dx
dyx +=+  

 

    [ ] 3xxyx
dx
d

+=  

 

    
( )

Cxx

dxxxyx

++=

+= ∫
4

4
12

2
1

3

 

 
 

    
x
Cxxy ++= 3

4
1

2
1  

 
 



Integrating Factor ODEs: Question (3) (vi) 
 

    2)1( ++= xy
dx
dyx  

 

    2)1( +=− xy
dx
dyx  

 

    
x

xy
xdx

dy 2)1(1 +
=−  

 
Determination of Integrating Factor: 
 

    
x

xp 1)( −=  

 

    

( )

x

x
e

e

e

exr

x

x

dx

dxxp

x

1

)(

1
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)(

1

1

=

=

=

=

∫=

∫=

−

−

−

−  

 
Final Steps: 
 

    2

2

2

)1(11
x

xy
xdx

dy
x

+
=−  

 

    2

2)1(1
x

xy
xdx

d +
=⎥⎦

⎤
⎢⎣
⎡  

 

    

C
x

xx

dx
xx

dx
x

xx
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x

x
x
y

+−+=

⎟
⎠
⎞

⎜
⎝
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=

+
=

∫
∫
∫

1ln2

121

12

)1(

2

2

2

2
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    1ln22 −++= xCxxxy  
 
 



Integrating Factor ODEs: Question (3) (vii) 
 

    xexy
xdx

dy 22
=−  

 
 
Determination of Integrating Factor: 
 

    
x

xp 2)( −=  

 

    

2

ln

ln2

)(

2

2

)(

−

−

−

=

=

=

∫=

∫=

−

x
e

e

e

exr

x

x

dx

dxxp

x

 

 
 
Final Steps: 
 

    xeyx
dx
dyx =− −− 32 2  

 

    [ ] xeyx
dx
d

=− 2  

 

    
Ce

dxeyx

x

x

+=

= ∫− 2

 

 
 
    ( )Cexy x += 2  
 
 



Integrating Factor ODEs: Question (3) (viii) 
 

    xy
dx
dy

=+  

 
 
Determination of Integrating Factor: 
 
     1)( =xp
 

     
x

dx

dxxp

e
e

exr

=

∫=

∫=
1

)(
)(

 
 
Final Steps: 
 

    xeye
dx
dye xxx =+  

 

    [ ] xeye
dx
d xx =  

 

     

( ) Cex
Cexe

dxexe

dxxeye

x

xx

xx

xx

+−=

+−=

−=

=

∫
∫

1

1.

 
 
    xeCxy −+−= )1(  
 
 



Integrating Factor ODEs: Question (4) (i) 
 

    2)1( +=+ xy
dx
dy  

 
 
Determination of Integrating Factor: 
 
     1)( =xp
 

     
x

dx

dxxp

e
e

exr

=

∫=

∫=
1

)(
)(

 
 
Key Final Steps: 
 
    ∫ += dxxeye xx 2)1(  

 
Repeated integration by parts leads to 
 
     Cxxeye xx +++−+= ]2)1(2)1([ 2

 
Apply condition : 0)0( =y
 
    [ ]Cee +++−+= ]2)10(2)10(0 200  
 
    C+= 10  
 
     1−=C
 
Substitute value and solve for  y : 
 
     1]2)1(2)1([ 2 −++−+= xxeye xx

 
     xexxy −−++−+= 2)1(2)1( 2

 
 



Integrating Factor ODEs: Question (4) (ii) 
 

    xx eey
dx
dy 222 −+=−  

 
 
Determination of Integrating Factor: 
 
    2)( −=xp  
 

     
x

dx

dxxp

e
e

exr

2

)2(

)(
)(

−

−

=

∫=

∫=

 
 
Key Final Steps: 
 
    ∫ −− += dxeye xx )1( 42  

 
This leads to 
 
    xxx eCeexy 22

4
12 +−= −  

 
Apply condition : 2)0( −=y
 
    0202

4
10202 ××−× +−=− eCee  

 
    C+−=− 4

12  
 
    4

7−=C  
 
Substitute value: 
 
    xxx eeexy 2

4
72

4
12 −−= −  

 
 



Integrating Factor ODEs: Question (4) (iii) 
 

    xy
dx
dy

=+  

 
 
Determination of Integrating Factor: 
 
     1)( =xp
 

     
x

dx

dxxp

e
e

exr

=

∫=

∫=
1

)(
)(

 
 
Key Final Steps: 
 
    ∫= dxxeye xx  

 
Integration by parts leads to 
 
    xeCxy −+−= 1  
 
Apply condition : 0)0( =y
 
     0100 −+−= eC
 
    C+−= 10  
 
     1=C
 
Substitute value: 
 
    xexy −+−= 1  
 
 



Integrating Factor ODEs: Question (4) (iv) 
 

    63 xy
dx
dyx =−  

 

    53 xy
xdx

dy
=−  

 
 
Determination of Integrating Factor: 
 

    
x

xp 3)( −=  

 

    

( )

3

ln

ln3

)(

3

3

)(

−

−

=

=

=

∫=

∫=

−

x
e

e

e

exr

x

x

dx

dxxp
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Key Final Steps: 
 
    ∫=− dxxyx 23  

 
This leads to 
 
    36

3
1 xCxy +=  

 
Apply condition : 2)1( =y
 
    36

3
1 112 C+=  

 
    C+= 3

12  
 
    3

5=C  
 
Substitute value: 
 
    3

3
56

3
1 xxy +=  

 
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (5)(i) – (viii) 
 
These should be straightforward. 
 
You may have the terms the other way round, e.g. in part (i) you may have 
 
  xx eBeAy 32 += −

 
instead of 
 
 , xx eBeAy 23 −+=
 
but that is fine. 
 
If an answer doesn’t agree, check the coefficients of the auxiliary equation and its 
solution.  Just remember: 
 
 Two real roots  ↔  xx eBeAy 21 λλ +=
 
 Two complex roots ↔ [ ])(sin)(cos xBxAey x ββα +=  
 
 One real root  ↔   . xexBAy 0)( λ+=
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (6) (i) 
 

    0822

2

=−− y
dx
dy

dx
yd  

 
Auxiliary equation has two real roots. 
 
General solution:   xx eBeAy 24 −+=
 
Apply condition : 0)0( =y
 
     02040 ×−× += eBeA
 
    0=+ BA  
 

Before applying the second condition we must find 
dx
dy : 

 

    xx eBeA
dx
dy 24 24 −−=  

 
Now apply condition : 6)0( =′y
 
     0204 246 ×−× −= eBeA
 
    624 =− BA  
 
Solve the two underlined equations simultaneously to give: 
 
    1,1 −== BA  
 
Substitute into general solution to give: 
 
     xx eey 24 −−=
 
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (6) (ii) 
 

    01362

2

=++ y
dx
dy

dx
yd  

 
Auxiliary equation has two complex roots. 
 
General solution:   ])2(sin)2(cos[3 xBxAey x += −

 
Apply condition : 2)0( =y
 
     ])02(sin)02(cos[2 03 ×+×= ×− BAe
 
     2=A
 

Before applying the second condition we must find 
dx
dy  using the product rule: 

 

   
])2(cos2)2(sin2[

])2(sin)2(cos[3

3

3

xBxAe

xBxAe
dx
dy

x

x

+−+

+−=

−

−

 

 
Now apply condition : 0)0( =′y
 

    
])02(cos2)02(sin2[

])02(sin)02(cos[30
03

03

×+×−+

×+×−=
×−

×−

BAe
BAe

 
    023 =+− BA  
 
Solve the two underlined equations simultaneously to give: 
 
    3,2 == BA  
 
Substitute into general solution to give: 
 
     ])2(sin3)2(cos2[3 xxey x += −

 
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (6) (iii) 
 

    0442

2

=++ y
dx
dy

dx
yd  

 
Auxiliary equation has only a single root. 
 
General solution:   xexBAy 2)( −+=
 
Apply condition : 1)0( =y
 
     02)0(1 ×−×+= eBA
 
     1=A
 
Note: Second condition is not a derivative condition, so no need to differentiate; apply 
condition  to general solution: 0)1( =y
 
     12)1(0 ×−×+= eBA
 
    0=+ BA  
 
Solve the two underlined equations simultaneously to give: 
 
    1,1 −== BA  
 
Substitute into general solution to give: 
 
     xexy 2)1( −−=
 
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (6) (iv) 
 

    042

2

=+ y
dx

yd  

 
Auxiliary equation has complex roots. 
 
General solution:  )2(sin)2(cos xBxAy +=  
 
Apply condition : 1)0( =y
 
    )02(sin)02(cos1 ×+×= BA  
 
     1=A
 
Note: Second condition is not a derivative condition, so no need to differentiate; apply 
condition 3)( 4 =πy  to general solution: 
 
    )(sin)(cos3 22

ππ BA +=  
 
     3=B
 
Substitute into general solution to give: 
 
    )2(sin3)2(cos xxy +=  
 
 



2nd Order ODEs – Linear, Constant Coefficients (Homogeneous): (6) (v) 
 

    0232

2

=++ y
dx
dy

dx
yd  

 
Auxiliary equation has two real roots. 
 
General solution:   xx eBeAy 2−− +=
 
Apply condition : 0)0( =y
 
     0200 ×−− += eBeA
 
    0=+ BA  
 
Note: Second condition is not a derivative condition, so no need to differentiate; apply 
condition  to general solution: 2)1( =y
 
     212 −− += eBeA
 
     2

2
2

21 =+ −− eBeA
 
From the first underlined equation,  
 
      . AB −=
 
Substitute into second underlined equation: 
 
     21 =− −− eAeA
     )( 21 =− −− eeA

    
)(

2
21 −− −

=
ee

A   , 

 
and so 
 

    
)(

2
21 −− −

−=
ee

B  

 
Substitute into general solution to give: 
 

    xx e
ee

e
ee

y 2
2121 )(

2
)(

2 −
−−

−
−− −

−
−

=  

or 

    
)(

)(2
21

2

−−

−−

−
−

=
ee
eey

xx

            

 
 


