GCU

Glasgow Caledonian
University

School of Computing, Engineering &

Built Environment

M athematics Summer School

Level 3Entry — Engineering

L aplace Transforms



Table of Contents

1. Introduction ..o,
2. Definition ......ooiiiiiiiii
3. Properties of the Laplace Transform ........................
4. Inverse Laplace Transforms ....................oooeiiinii.,
5. Using Laplace Transforms to Solve ODEs ................
6. The Unit Step Function ...............oooiiiiiiiiiiin..
7. The Dirac Delta Function ..................ccooiiiiin.n.
8. Convolution .........oviuiiiiiiii i
9. A Note on Control Theory ..........coovviiiiiiiiiiiiinn.
Tutorial EXercises ........coovvviiiiiiiiiiiiiiiiieieenne.
Answers to Tutorial Exercises ...............cocevviiiiinnnn,

Table of Laplace Transforms

12

15

25

29

30

33
39
44



1. Introduction

The idea of transforming a “difficult” problem into an “easier” problem is one that is used

widely in mathematics. Diagrammatically we have

Problem Transform Transformed
q Problem
Difficult Solve
A
Solution < Transformed
Inverse Solution
Transform

There are many types of transforms available to mathematicians, engineers and scientists. In this
unit we are going to examine one such transformation, the L aplace transform, which can be

used to solve certain types of differential equations and also has applications in control theory.

2. Definition
The Laplace transform (LT) is an integral transform that operates on functions of t, where

t is often taken to represent time. Given a function f (t) its Laplace transform is defined as

L{f)} = j: f(t)e s dt

where S is called the Laplace variable. Alternative notation for the Laplace transform includes
L{ft)}=F(s) or £{f(t)} = f(s).

Laplace transforms are usually only concerned with functions where t > 0.

When applying the Laplace transform a function of the real variable, t, is transformed to a
function of the complex variable, S. Because the function of t is often some form of time signal,
we often talk about moving from the time ( t ) domain to the Laplace ( S) domain when we
perform a Laplace transformation.

Now watch the following: https://www.youtube.com/watch?v=mEp3F-
rf0iM&list=PLROOIV7hGpZiEk-XGSQ3zRMWN{OycqT2B




Example 1

Determine the Laplace transform of f (t) = 1 using the definition.
_ < —st
{1} = jo l.e™ dt

_ lim J- u e_st ot

U—>o0 70

:—1(0—1) (provided s> 0 )
S

nl—

Now watch the following: https://www.youtube.com/watch?v=Z2VD6zIXfOpY &t=1s

Example 2

Determine the Laplace transform of, f (t) = t using the definition.
_ < —st
e{t} = Ctetdt

To evaluate this integral requires integration by parts and it can readily be shown that,

provided s> 0,

L{t} = —=.



Very quickly the integrations required to complete Laplace transformations become difficult

and messy. For this reason, we generally work from a table of pre-determined Laplace

transforms (see Appendix).

Using the Table of L aplace Transforms

We illustrate the procedure with some examples:

Example 3
(). Determine .£ {t’}.

Now, t* is not in the table explicitly, but t" is:

n!

= T+
S

L£ItM

For t’ we require n=3:

(# 4 in the table )

!
Hence, Lt =3—4:&4X1:
S S
(i1). Determine .£ { e_Zt}.
From # 5 in the table:
L{e ") = ! )
S+ o

Set o = 2 to obtain:

1
sS+2

£ e-zt} _




(iii). Determine .£ { sin(4t)}.
From # 8 in the table:

. [0)
,L){Sll'l(4t)} = m

Set @ = 4 to obtain :

4 4
L { sin( 4t = = ;
tsin(4t) s + 42 s+ 16

3. Propertiesof the L aplace Transform

The Laplace transform has several special properties that make it a useful mathematical tool.

(@). Linearity

Suppose we have two functions along with their respective Laplace transforms:
L{f(t)} =F(s) and £{g(t)} = G(Ss)
Thelinearity property means that
L{af(t) + bg(t)} = aF(s) + bG(s)

providing a and b are constants. This makes the transformation of a string of functions

straightforward.

Example 4

S w 2s + 3w
p >+ 35 ;= > 5 -
S +w S +w S +w

L {2cos(wt) + 3sin(wt)} = 2



WARNING:  TheLaplacetransform of a product isNOT EQUAL TO the product of
theindividual Laplacetransforms,i.e.

L{f(g(t)y =L { ()} L{g(t)}.

We have to invoke other properties of the Laplace transform to deal with products.

(b). TheFirst Shifting Theorem
Suppose a function f (t) has the Laplace transform F (S). It is easily demonstrated that

L{e“f(t)) = F(s+ a).

Now watch the following: https://www.youtube.com/watch?v=KfCcTrz7kgs

Example 5
Determine £ { e *'t’}.

From tables and Example (3)(i) we have

£t} = Si 1

Then, by the first shifting property with & = 2 we have that

L{e?t’) = 6

T (s+ )" (2]

Note that to obtain [2] from [1] we merely replace S by (S+ 2).



(c). Transformation of Derivatives
As before, denote the Laplace transform of f (t) by F (s). Now consider the Laplace

transform of the derivative of f (t), denoted by f (t). From the definition we have:
LLf(t)) = j: f(tye ™ dt .

—-st

Using integration by parts, where we integrate f (t) and differentiate e ", gives

LLf(t)) = j: f(t)e ™ dt

[fyes |7 - [T f(-se=d

0 — f(0) + sj: f(t)e™ dt

-f(0) + sF(s) .
Hence,

L{f(t)y=sF(s) - f(0).
We have expressed the Laplace transform of a derivative in terms of the Laplace transform of the
undifferentiated function. In effect, the Laplace transform has converted the operation of
differentiation into the simpler operation of multiplication by S.
In a similar fashion, using repeated integration by parts, we can show that

L{f(t)} = $F(s) — sf(0) — f(0).

This result is one of the most important properties of the Laplace transform. The Laplace

transform “gets rid of” derivatives; just the thing for solving differential equations!



When we come to solve differential equations using Laplace transforms we shall use the

following alternative notation:
L{Xx}=X.
LA{x}=sX - x(0)
L{x}=8X - sx(0) — x(0) .

However, before we can solve differential equations we need to look at the reverse process of

finding functions of t from given Laplace transforms.

4. Inverse Laplace Transforms

So far, we have looked at how to determine the LT of a function of t, ending up with a function
of s. The table of LTs collects together the results we have considered, and more. When we
apply LTs to solve problems we need to invoke the inver se transformation. That is, given a

Laplace transform F (S) we need to determine the corresponding function, f (t). In general

we have

7 F(s)e® ds

Y= e

1
LU F(s)= = —
{F(s)} o |
where evaluation of the integral requires a knowledge of complex analysis and will not be
considered here. Instead, we shall rely on the table of LTs used in reverse to provide inverse

LTs. This procedure will involve manipulating a given Laplace transform until it ‘looks like’

one or more entries in the F (S) column of the table. The inverse LT is then determined from
the corresponding f (t) column in the table. The following examples illustrate the main

algebraic techniques required. These include completing the square, factorisation and the

formation of partial fractions.



Example 6

Invert the Laplace transform, ié .
S

The closest entry in the table is #4 which gives

_ n! n
’gl{sn+l}:t'

Setting N =5 we have

In the given Laplace transform there is a 3 in the numerator and so we must manipulate the
expression obtained from the tables which has 120 in the numerator. To do so we multiply by
the value we want in the numerator (3) and divide by the value introduced from the tables (120).

We then have

3 3 120 1 [120
st 120 s® 40 '

The term in the square brackets is now exactly the table entry so we can invert that and simply

multiply by the fraction in front:

£‘1{%} _ Ly
S 40



Example 7

1
Invert the Laplace transform, ————— .
S +2s+5
This example requires the technique known as “completing the square” and a little bit of fine
tuning to rewrite it in a form that can be inverted directly from the table. Note that the closest

entry in the table is # 14 giving:

,é’_l{ @ } = e “'sin(wt) .

(s+a) + o
Now complete the square in the denominator:
S?4+28+5 = (s+1)? =17 + 5 = (s+1)* + 4 .

The given transform becomes:

1 1 1
s> +2s+5  (s+1)> + 4  (s+1)> + 22

This expression is now very close to the table entry with & =1 and @ = 2. We would like there

to be a 2 in the numerator so “fine tuning” gives

1 _ 1 2
(s+1)? + 27 2| (s+1)? + 2% |~
where the term in the square brackets is exactly the table entry with & =1 and w = 2.

Inverting this expression and multiplying by the fraction gives

1 L’_l{ 2 } = Lo sin(2t) .
2 2

(s+1)° + 27



Example 8

(i)

(ii).

S+ 5

Determine £~ ———————
s° — 28— 3

} using partial fractions.

Factorise the denominator and obtain the partial fraction representation of the resulting

expression. Note that the details of the partial fraction expansion have been omitted.

S+5 S+5 2 1

s’ —2s-3 (s=3)(s+1) T s-3 s+1°

Examination of the tables shows that # 5 is the appropriate choice giving

£‘1{—1 } =e .
(s+ )

Using this result with & = -3 and o = +1 gives

S + 5

Determine £ - D
s°—2s-3

} by completing the square.

If we fail to notice that the denominator can be factorised, then completing the square is

still an option:

s + 5 s + 5 s + 5 S + 5

S2-25-3 (-7 —1-3 (s-1)2 -4 (s—D? - 2%

The minus sign in the denominator is significant since it no longer conforms to the form

(s+a)® + @ we had in Example 7.

10



Instead we need the following results, # 19 and #21 in the tables, i.e.

p

£ {e“sinh (1)} = e~ 5 M
-1 —at _ S+«
£ {e cosh(ﬂt)} = Grar - B

where sinh (pronounced “shine’’) and cosh (pronounced “cosh”) are the so-called

hyperbolic functions. Fine tuning the Laplace transform a little bit more gives

s+5 _ (s-1) + 6 _ (s—1) 3 2
(s—=1)? = 2%  (s=1)? = 2% | (s=1)% = 2° (s—1)?* — 2% |~

Inverting the terms in square brackets using # 19 and #21 in the tables gives,

B TSI DS B
s’ — 25— 3 (s—-1)° - 2 (s—1)> - 2

e' cosh(2t) + 3e'sinh(2t)

e' [ cosh(2t) + 3sinh(2t)].

Note: By applying the following mathematical identities:

cosh(Bt) = %[e*ﬁ‘ + e ] and sinh(Bt) = %[e*ﬁ‘ ~ e ]

}

we can easily show that the two versions of the answer, in parts (i) and (ii), are equivalent.

Now watch the following:
https://www.youtube.com/watch?v=Fq5-3AQINyw
https://www.youtube.com/watch?v=xQjH2iTptbU
https://www.youtube.com/watch?v=j2ddNMBeATY
https://www.youtube.com/watch?v=xfM5rqBe9AA
https://www.youtube.com/watch?v=BFgDwGNi5F8

11



5. Using Laplace Transformsto Solve ODEs
We have seen how the Laplace transform of the derivative of a function can be expressed in

terms of the Laplace transform of the undifferentiated function. We can use this property to
derive solutions to certain types of differential equations. The process is broken down into the

following steps:

e Transform both sides of the ODE;

e Substitute initial values;

e Solve for X;

e Manipulateinto a form that can be inverted from tables;

e |nvert to give the solution of the ODE.

The method is best illustrated by example and we shall need the following results from earlier:
L{x}=X.
LA{x}=sX — x(0)
L{X} =X - sx(0) - x(0)

Example 9

Use Laplace transforms to solve the ODE, X + 2 X + 5x = 8 e™’' subject to the initial

conditions X(0) = X(0) = 0.

Transform both sides of the ODE ( from left to right use #25, #24, #23 and #5 ):

[S°X — sX(0) — X(0)] + 2[sX — x(0)] + 5X = o3

Substitute initial values:

[S°X — SO — 0] + 2[sX — 0] + 5X = ——

(S +2s + 5)X = ——

12



Solve for X :

8
C (S+3)(S+2545)

Manipulate into a form that can be inverted from the tables. In this case we form partial

fractions, complete the square on the quadratic denominator and finish up with a little “fine

tuning” of the last term:

| 55]-lamr) s slar
X=|—| -] — |+ - ——— |
s+3 (s+1)° + 2° 21 (s+1)" +2°

Finally, invert term-by-term and simplify:

X(t) = e — e '[cos(2t) — %sin(2t)] + %etsin(Zt)

= e’ — e '[cos(2t) — sin(2t)].

Example 10
Solve X + 25x = 1 subjectto X(0) =10 and X(0) = 0 using Laplace transforms.

Transform the ODE:

wn |~

[s?X —sx(0) — x(0)] + 25X =

Substitute initial values:

[s°X—-10s—-0] + 25X = l

[7)]

13



Solve for X:

>‘<+252:1+105

(s* + 25)X = 1 + 10s

s(s® + 25) (s® + 25)

Manipulate and invert:

- 1{ 25 } { s }
X = — 2— + 10 2—
25| s(s? + 25) (s™ + 25)

X(t) = 2L5[1 — cos(5t)] + 10cos(5t). (# 10 and # 9 from the tables )

Using Laplace transforms to solve ODEs of the form
aX + bx + cx = f(t)

allows us to tackle problems where a solution by the method of undetermined coefficients (say)

is rendered difficult or impossible because of the specific type of function on the right-hand-side.

Now watch the following:
https://www.youtube.com/watch?v=03gBB9GB66w

We shall now look at two such functions for which this is the case.

14



6. The Unit Step Function

The unit step function, also known as the Heaviside function, is defined as

0, t<T

wa-m={7

and its graph is shown in the figure below

Aut-T)

v

Here T is called the critical value of the step function; it is where the function changes value.

The value of the step function at t =T is not defined above. Some authors define the value

as 1, others define it as 0 while others define it as 0.5. We shall not worry about it!

The step function is like a mathematical switch. It can be used to model situations where

an event occurs suddenly, such as when a circuit is switched on, or a voltage is instantaneously
modified, or a force is suddenly applied or removed. The modelling may be done by taking
combinations of step functions with different critical values, or even combining them with more

conventional functions, as the following examples illustrate.

Note:  Since Laplace transforms are only concerned with functions where t > 0, if the step

occursat t =0 then u(t — 0) = 1.

15



Example 11
Sketch the graph of the function f (t) = 2u(t-5) — 3u(t-10) + u(t-15).

Here it may be useful to think of the step functions as switches and examine the critical values.

e for t < 5 all step functions are “off” and are all equal to zero;
e for 5 <t <10 the first step function, u(t —5), is “on” and has the value 1;
e for 10 <t < 15 the second step function, u(t —10), now switches on to 1 also; and

e for t > 15 all step functions are now “on” and equal to 1.

We now evaluate f (t) noting that it is a linear combination of the three step functions.

0, O0<t<5
2, 5<t<10
-1, 10 <t <15
0o , t > 15

f(t) =

The graph of f (t) is shown below

f(t)

16



Example 12
Graph the function, f(t) = (2-t)(t —4)[u(t—-2) — u(t—4)].

We shall do this in two parts. Without the step functions we would have the quadratic function

g(t) = (2-t)(t—-4) = —t> + 6t — 8.

This graph crosses the X-axis at t = 2 and t = 4 and has a maximum turning point at (3, 1).

The step functions take the following values:

0-0 =10, t<?2
ut-2) —u(t-4)=41-0 =1, 2 <t<4,.
1-1=0 , t>4

When the two parts ( quadratic and step functions ) are multiplied together we obtain

0 , t < 2
f() =4-t> + 6t -8 , 2 <t <4
0 , t > 4
resulting in the graph below
f(t)
1_
. t
o 2 4

17



We can think of a difference of two step functions

u(t—a) — u(t—"h)

like a “mathematical window” whose frame obscures the graph of any multiplying function to

the sides, i.e. fort < aandt > b.

In the previous example by including the “mathematical window”, u(t —2) — u(t —4), the

quadratic function g(t) = —t> + 6t — 8 was obscured outside the window, i.e. set to zero

fort < 2andt > 4.

The following examples demonstrate how to determine a function, that involves step functions,

from its graph.

Example 13
Determine f (t) from the following graph:

f(t)

The jumps in the graph can be represented by step functions. The location of the jump is
determined by the critical value of the step function, the size of the jump can be achieved by
multiplying the step function by a suitably sized constant, the direction of the jump is obtained

from the sign of the constant.

18



Working from left to right:

1" jump:  4u(t-1) upby4atT =1
2 jump:  —6u(t—2) downby 6at T =2
35ump:  4u(t-3) upby4atT=3.

Adding these together gives us the function:

f(t) = 4u(t-1) — 6u(t—-2) + 4u(t-3).

Example 12
Determine f (t) from the following graph:

f(t)

Using basic coordinate geometry the equation of the oblique straight line is given by

y =3t - 3.

The straight line is only visible between t =1 and t = 2 with the function taking the value
zero outside this interval, i.e. fort < 1 andt > 2. Hence, we have the “mathematical

window”,

ut—1) — u(t-2) .
19



Multiplying the two parts together gives us our function:

f(t) = 3t — Hut-1 — ut-2)] .

For more general piecewise functions we can break them down into fragments, each with their

own window, and add the parts together.

Example 15
Write down the following function in terms of step functions:

t , 0<txl
f(t)y =92 -t , 1 <t<?2
0 , t>2

Examine the function f (t) over each of the given intervals.

Ontheinterval 0 < t < 1, f(t) =t giving, t[u(t—-0) — u(t-1)].

Ontheinterval 1 < t < 2, f(t) = 2 — t giving, (2 — t)[u(t—-1) — u(t-2)].

Fort > 2, f(t) = 0.

Combining the above gives

f(t) = t[u(t—0) — u(t—-1] + 2-O[u(t-1) — u(t-2)].

As far as Laplace transforms are concerned u(t — 0) =1 so the above can be rewritten as

f(ty =t — 2(t-Du(t-1) + (t-2)u(t-2).

20



There are two results that we shall need in order to solve ODEs containing step functions.

Result 1 — L aplacetransform of the unit step function
I o or
Llut-T)}=-e"".
S

Pr oof

Llut-T)}= j: u(t — T)e™ dt
= J'T 0.e % dt + Im l.e™™ dt
0 T
= 0 + {—le‘“}
S T
1
= —e (s>0) .
S

Now watch the following:  https://www.youtube.com/watch?v=IwR7Q9vL8hk
https://www.youtube.com/watch?v=fc8Uz6nJBDM

Result 2 —The Second Shifting Theorem

Given a function f (t) with Laplace transform F (S) , it can be shown that

L{ft-THut -T)} = F(s)e™ .

The proof of this is omitted. The implication of this result is demonstrated graphically below:

f Shifted and truncated f
t 5 t
o) o) T
L£7F(s)} = f(t) £ F(s)e = f(t-THut -T)

Now watch the following: https://www.youtube.com/watch?v=xRtW69ZSj7k

21



In our work we shall use modified versions of the following diagram to help us apply the Second
Shifting Theorem (SST):

f(t) “ F(s)
0 0
f(t—THu(t-T) > F(s)e™™
Example 16
Invert the Laplace transform ;e*“s.
S(s+2)

To invert LTs, using the SST, we start at the bottom-right of the diagram and move round

in an anticlockwise direction ending up in the bottom-left and obtaining the result:

f(t) «— F(s)
3 T
f(t—THu(t-T) F(s)e™
Step 1. Ignore exponential to give F(S) = 1 _1 2
B & P s T s(s+2) 2| s(s+2) ]

Step 2: Invert F (S) to give f(t)=%[1 - e ],

Step 3: Shift and truncate with T =4, i.e. replace t in f (t) by (t —4) and multiply
by u(t — 4), to give the completed inversion f (t — T)u(t — T). Hence,

-1 1 —4s :l _ am2(t-4) _
£ {—s(s+2)e } 2[1 e Ju(t—4) .

22



Example 17
Solve the differential equation X + 4X = u(t —3) subjectto X(0) =X(0)=0.

Transform: [$°X — sx(0) — X(0)] + 4X = ée‘“

Substitute initial conditions and solve for X :

(8 +4)% = Le
S

SO

o 1 3e
———€
S(s +4)

Invert with the help of the Second Shifting Theorem:

Again, we are starting at the bottom-right of the diagram and moving round anti-clockwise:

f(t) «— F(s)
\J T
f(t-THu(t-T) F(s)e™™
Step 1:  Ignore exponential to give F(S) = ! _1 2
S P s S(s"+4) 4|s(s>+2°)|

Step 2: Invert F (S) to give f(t):%[l — cos(2t)].

Step 3: Shift and truncate with T =3, i.e. in f (t)replace t by (t — 3) and multiply
by u(t-3) togive f(t—T)u(t—T) and the completed solution,

X(t) = %[1 — cos(2(t=3))Ju(t-3).

Now watch the following: https://www.youtube.com/watch?v=PTvXPyYIRTE

23



The two previous examples illustrate the use of the SST to invert Laplace transforms that contain

an exponential factor. The next example shows the theorem working in the opposite direction.

Example 18
Determine .£ {tzu(t -10) }

To calculate LTs using the SST we start at the bottom-left of the diagram and move round

in a clockwise direction ending up in the bottom-right and obtaining the answer:

f(t) N F(s)
T l
f(t—=THu(t-T) F(s)e™™"

However, we have a slight problem in that the given function of t does not quite conform to the

structure in the bottom-left. We need to rewrite the multiplying function t* so that any

occurrence of the variable t always includes a “minus T ”. For this example T =10 so we

introduce it as follows:
t> = [(t-=10) + 10]> = (t-10)> + 20(t-10) + 100 .

The original function becomes [ (t —10)* + 20(t —10) + 100]u(t —10) which now does

conform. Next we use the SST to transform:

Step 1: Cover up the step function and the “minus 10s” to leave
f(t) =t + 20t + 100.

Step 2: Transform to give F (S) = % + 20 + @
S S S

Step 3: Everything we covered up in Step 1 is now accounted for by multiplying F (S)

by €'’ and so completes the transformation,

220 1007 .
£{tut-10)}= [—3 + =+ —}e“) :
s s s

24



We now look at another new type of function, one that is closely related to the step function.

7. TheDirac Delta Function
The Dirac delta function at the point t = T is denoted o (t — T) and it is defined to be the

derivative of the Unit Step function, i.e.
ot -T) = iu(t -T)
dt '

It is often used to model actions or events in mechanical and electrical systems that exert a

large force over a short period of time. Examples include a hammer striking an object, a

short in an electrical circuit or a lightning strike. It is also referred to as the impulse function.

We now briefly look at the derivation of the Dirac delta function and some of its properties.
Consider the function

1/2¢ , T—-e <t <T+e

0 , otherwise

0.0 -]

where € > 0, shown in the figure below:

De(t)a

12¢

O T-¢e T T+e

If the area under the rectangular section is defined to always equal 1 then it is clear that by

letting £ — 0, so that the width of the interval about T shrinks towards zero, then the height

must increase towards infinity ( in such a way that the area under the graph is always 1 ). In

25



the limit, we obtain an “instantaneous, infinite blip” at t = T . This “infinite blip” att =T is

called the Dirac delta function and its graph is shown in the figure below

S(t-T),

v

— e————————————— 0 0 0 006000000

The Dirac delta function has the following properties:

(). o(t — T) =0, t=T. Itiszero everywhere except at the point where t = T

and at this point it has infinite value.

(ii). I j: o(t — T)dt = 1. The integral over any interval containing the point t = T

has the value 1.

(iii). jf:a(t ~ T)f(t)dt = f(T).

Using the third property we can determine the Laplace transform of the Dirac delta function:

L{st-T)} = j: St-T)eSd = jf:a(t —T)edt = e,

Strictly speaking the Dirac delta function is not a function in the usual sense as a function that is
zero everywhere except at a single point will evaluate to zero when integrated. However, for

our purposes it is convenient to regard it as an ordinary function.

26



Example 19

Solve the differential equation X + 4x = 36(t—-2) , x(0)=S5.

Transform: [sX — x(0)] + 4X = 3e*°.

Substitute initial condition and solve for X :

(s+4)Xx = 3e* + 5
p— 3 725 5
= e + :
(s+4) (s+4)
[A] [B]
Invert to give solution:
[A]: L7 3 = 3e*.
(s+4)

By the Second Shifting Theorem,

£—1{ 3 e—Zs} — 3e—4(t—2)u(t_2)
(s+4)
[B]: £“{ > } = 5e*

(s+4)

Combine [A] and [B] above to obtain the solution:

x(t) = 3e*“"Put-2) + se*.

27



Example 20

In a branch of an electronic circuit the variation of current with time is modelled by the

differential equation

d?i . dv
dt? dt ’

where V (1) is an input voltage. Suppose V (1) =240[u(t—-5) — u(t—-10)]. Assuming zero
initial conditions, determine the current, i, as a function of time, t .
Solution

Recalling that the Dirac delta function is the derivative of the Unit Step function we can write

‘il_\t/ =240[S(t-5) — S(t-10)]

and so the differential equation becomes

N
% + 360 = 240[5(t—5) — S(t—-10)].

The Laplace transformation process results in

which can be inverted with the help of the Second Shifting Theorem to give the solution:

i(t) = 40sin[6(t—5)Ju(t—5) — 40sin[6(t—10)]u(t —10) .
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Earlier in the notes we encountered the warning below:

The Laplacetransform of a product isNOT EQUAL TO the product of theindividual
L aplace transforms.

We shall now look at a kind of product rule for Laplace transforms.

8. Convolution

The convolution of two functions f (t) and g(t) is another function of t denoted by f * ¢
and defined by

frg = [ f(t-209(2)d ]

or

fxg _[; f(z)g(t — z)dz . [b]

It can be shown that these two integrals are equal.

If F(s) and G(s) are the Laplace transforms of f (t) and g(t) respectively, then

£L{fxg}=F(s)G(s).

Example 21
1

Invert the Laplace transform ———-.
S(s+4)

The solution could be obtained using partial fractions (try it!), but convolution can be used as

an alternative:
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Set F(s) = 1 and G(S) = ;2 and invert individually from the tables to obtain:
S

(s+4)
f(t)y=1 and g(t)=te™ .
Form the convolution of f and g using form [a] above :

ft-2)=1, g(z)=ze™**

fxg

.[Ot f(t-2)g(z)dz

t
IO ze ™t dz .

Omitting the details, integration by parts gives

fxg = —lte‘4t - ie‘4t + 1 )
4 16 16

Now watch the following: https://www.youtube.com/watch?v=XSkOptwcpyU

9. A Noteon Control Theory

As mentioned earlier, Laplace transforms are an important tool in control theory. Keeping things
basic, in a simple control system there may be an input and an output. Control theory is
concerned with the relationship between the input and the output within the system. Often a
control system can be modelled by a differential equation that relates input to output in what may

be referred to as the time domain. For example, a differential equation such as

— + kx = v(t
at (1)

might relate an input v(t) to an output X(t). For a given input the equation is solved to give

the corresponding output. However, in control theory options regarding the input are often left
open. Without a specific input, we cannot determine a corresponding output, but valuable
information about the system’s controllability can be established by leaving the input

unspecified, and continuing to apply the solution process to the differential equation in any case.
30



For the differential equation given above denote the following Laplace transforms:

£L{x(t)}= X(s), £L{v(t)} =V(s).

Taking the LT of the ODE, assuming that the initial condition of X(t) is zero, gives:

sX(s) + kX(s) = V(s) .

Rearranging this expression yields:

(s + k)X(s)

V(s)

or
X (8) 1
V(s) (s + k)

What we have here is the ratio of the output of the system to its input in what is called the

L aplace domain. In control theory this ratio is called the system’s transfer function.

In general, for a system with a single input and a single output we have

The transfer function H (S) is itself a Laplace transform and its form will depend on the
structure of the differential equation modelling the system. The transfer function is of critical
importance in control theory as much information can be derived from it. However, that is

another story for another module!
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Summary

This unit has introduced the Laplace transform which in an integral transform that is extensively
used in physics and engineering applications to solve problems, in particular differential
equations, that would otherwise be difficult, or even impossible, to solve using standard

methods. You should now be able to:

calculate the Laplace transform of a basic function directly from the definition.

determine Laplace transforms and inverse Laplace transforms of various functions from

tables of Laplace transforms.

solve first and second order differential equations involving standard forcing functions

using Laplace transforms.

understand basic properties of the unit step function and the Dirac delta (impulse) function.

solve first and second order differential equations involving unit step functions and Dirac

delta (impulse) functions using Laplace transforms.
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Tutorial Exercises

Q1. With the aid of the table of Laplace transforms, transform the following functions :

i). 2t -5 (i). at + b

(iii). 2t> =3t +1 (iv). (a+ bt)?
(v). 3te' (vi). t* e

(vii). e*'~! (viii). ™' cos(2t)
(ix). sin(wt + 6) (x). cos(wt + 6)
(xi). sin’t (xii). cos’t

(xiii). @' sin(5t) (xiv). €' sin(5t + Z)

Q2. Invert each of the following Laplace transforms :

0 % (ii). 32-2H6
(iii). 532111 (iv). SS;__24

V). SS;__‘; ) ooy
(vii). ﬁ (viii). (S%);‘H
0. 0. 5

(xi). (S_l% (ii). (3-515)(212)
(xiii).(sj;(s_ 3 (xiv).s(sf—iw) .



Q3. Using Laplace transforms, solve the following ordinary differential equations :

(). x+2x=0 C x(0) =1

(). x +2x =1 ; x(0) =0

(iii). X — 3x = 10 sint ; x(0) =0

(iv). X —4x =0 . x(0) =0, %(0)=-6
V), X+w>x=0 : x(0) = A , %x(0) =B
(Vi) X + 4%+ 4x =0 cx(0) =2, Xx(0) = -3
(Vii)). 9% — 6% + x = 0 ;o x(0) =3, x(0) =1

(Viii). X + X = 0 ;o x(0) =0 , %(0) =4

Q4. Sketch the graphs and determine the Laplace transforms of each of the following :

(). 2u(t->5) (i). —4u(t-3)

(iii). 3[u(t—2) — u(t-4)] (iv). u(t—1) — 2u(t-2) + u(t-3)
(V). u(t—2)u(t-4) (vi). =2 u(t-3)u(t-6)

(vii). (t =3) u(t-3) (viii). (t = 5)* u(t = 5)

(ix). tu(t-23) (x). t>u(t-15)

(xi). [u(t—=2) — u(t—4)](t-2)°

(xii)). [u(t—1) — u(t-=2)](t=1)> + [u(t—2) — u(t-3)](3-1)



Q5.

Using combinations of step-functions, determine single-line expressions for each of the
following functions and (hence) their Laplace transforms :

().

(ii).

(iii).

(iv).

f®

(t)

(t)

)
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(V).

(vi).

(Vii).

Q6. Invert each of the following Laplace transforms :

().

(iv).

(Vii). ———

-10s

(t)

N\

f®)

(ii).

(V).

(viii).

5

1
S
S

S+ 2

S

s’ +2s+10

—4s

(iii).

(vi).
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Q7.

Q8.

Qo.

The ODE below models the behaviour of a time-varying current i(t) in a circuit :

di :
— + i = vt
p 0

The function on the RHS, W(t), is a source voltage. Below are various source voltages.
For each, graph V(t) and write as a single-line expression using step-functions. Then
determine and graph i(t) .

, = v, , 0<t<1 {0) =
(I)' V()_ 0 : t>1 ” I()_VO
. = t , 0<st<l i0) = 0

. vy =3 0" i) =

The ODE and initial conditions

mX + cx + kx = f(t) , x0) = x0) =0

models the mass displacement of a spring-mass-dashpot system, where m is the mass, C

is the damping constant, K is the spring stiffness and f(t) is a forcing term. For each of

the following forcing terms graph f(t) and express it as a single-line expression . Setting m

=1,c=2and k=5, determine X in terms of t (i.e. solve the ODE).

0. ) = 1, 0<t<10
' o , t=10
Q. () = t , 0<t<10
' “lo , t=10

Evaluate the following integrals :

Q). Iozé(t—l)dt (ii). j;é(t—.%)dt (iii). jjé(t—l)dt

(iv). jjm(t—z)dt (v). j;e‘té(t—3)dt (vi). joze-t5(t—3)dt
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Q10.

Q11.

Q12.

Q13.

Write down the Laplace transforms of

(). 268(t-1) (). 48(t-2) (ii). 6(t)

Invert the following Laplace transforms :

. S+ 1 . S+ 1
(i). (ii). e ®
S S
... S+ 2 _ s +2s
(iii). e (iv), ———e™°
S+ 1 s +9

Solve the following ODEs :

(). X+ 4x =268(t) . X(0) =0

(). X +4x = 28(t—1) . X(0) =0

(iii). X + 4x = —48(t - 7) . X0) =0, x0) =4
(iv). X + 4% +5x = S(t—1) . X(0) = X(0) = 0

The ODE and initial condition
d . :
— + 1 = vt , 1(0) =0
o ® (0)
models the behaviour of a time-varying current in a circuit. The function V(1) is a source

voltage. For each of the source voltages below, write down V(t) ; hence determine and
graph i(t) :

(). v

vou(t—=1)

(@i). w(t) Vo[u(t—1)—-u(t-2)] .
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Answersto Tutorial Exercises

. 2 5
Al. (I). ? - g
iy, = - 3 41
s & s
3
) (s—1)°
(vii). Se_lz
(iX) Ssind + w cosd
' s+’
: 2
Od)- s(s* +4)
5
(). (s+2)" + 25

A2. (). 5e

(iif). cost + sint

-2t

(v). 2e” —-1le

or
cosh(2t) — 2 sinh(2t)

2t

(vii). e cost

(ix). Lt°

(xi). e'[cosh(2t) + 1sinh(2t)]

(xiii).2 e — e

. a b
i), — + —
(ii) © <
. a’  2ab 2b’
(iv). ?+ - + S
. 2
vi).
V) (s+2)°
(iii), >+
(s+1)" + 4
) Scosfd — wsind
' s +w’
2
(xii). Sz—”
S(s” +4)
(Xiv). (s+2)sinfy + 5cos%

(s+2)* + 25

(ii). < sin(4t)
(iv). e*" or cosh(2t) — sinh(2t)

(vi). te™

(viii). @ *' (cost + 2sint)
(0. Lt
2t

(xii). 2e' + 3e”

(xiv).2[1 — cos(4t) ]
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A3. (). x=¢e™ (i), x=21(1-e?")

(iii). x = e’ — cost — 3sint (iv). x = —3sinh(2t)
or
X = _%(eZt _ e—2t)
(v). X = Acos(wt) + Ssin(a)t) (vi). x = (t+2)e™
(vii). x = 3¢ (viii).x = 4 (1 — e™)
A4, (i). %e‘SS (ii). _4 e’
s s
3 ) —4 : 1 -s -2s -3s
(ii). =(e ™ —e™) (iv),. —(e° —2e " +e”®)
s s
I oas N
(V). <€ (vi). ;e
(vii). e (viii). = e™*°
. 1 3) .. 210 25) ..
(lX).(S—z'i'g)e (X) (§+?+?je
2

(xi).

.. 1
(xii). —e® - (% + %j e’ + —e’®
s s
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A5. (). S[u(t-2) — u(t-4)]

5
g ( e—ZS _ e—4S )

@i). u(t—=2) +2u(t—-3) —3u(t—4)

-2s + 2 e—3S _ 3 e—4S )

l(e
S
@iii). 3u(t=2) —=2u(t—=3) —u(t—4)

1
g(3 e—ZS _ 2 e—3S _ e—4S)

(iv). (t—5[u(t-5) — u(t—10)]

1 1 5
- e—Ss _ ( = + _j e—lOs
S S

v). t[1 - u(t-5)]

1 15
g g79°

(vi). (t=5)u(t=5) — 2(t=10)u(t-=10) + (t—=15)u(t-15)

A s

(e
&

_pel0s e—lSS)

(vii). (5-t)[1 — u(t-5)]

(é _i) + Le—Ss
s s g
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AG.

AT.

A8.

().

(iii).

(V).

u(t — 1) (ii). u(t-2)
(t—Du(t-1) (iv). (t-2)u(t-2)

e 2"V u(t-3) (vi). cos[3(t —5)] u(t =5)

(vii). 2 sin[2(t — 10)] u(t — 10)

(vii). @ "% [ cos[3(t —4)] — Isin[3(t—4)] Ju(t—4)

(viii). 2 { sin[5(t = 2)Ju(t —2) — sin[5(t —4)Ju(t-4) }

0}
(ii).

().

(ii).

it =v, — v, [1 —e " DJu(t-1)

ity = (e" +t-1) — (t=Lut-1

x(t) = [ f,(t) = f(t-=10)u(t-10)]
where

f,(t) = 1 — e cos(2t) — Le " sin(2t)

x(t) = g,(t) — g,(t—10)u(t—10) — 2 g,(t - 10) u(t - 10)

where

g(t) = &[5t —2+2e " cos(2t) — 3" sin(2t) |

g,(t) = 1 — e cos(2t) — 1e " sin(2t)
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A9. (). 1 (). 0 (iii). 0

(iv). 4 V). e (vi). 0
AL0. (i). 2e° (i), 4e2 (iii). 6
ALl (). S(t) + 1

(). S(t-2) + u(t-2)

(iii). o(t—4) + e """ P ut-4)

(iv). o(t—=5) + {2cos[3(t—-5)] — 3sin[3(t—=5)]} u(t-75)
A12. (). x(t) = 2e™™

(i). xt) = 2e*" "D ut-1)

(ii). x(t) = 2sin(2t)[1 - u(t - 7)]

(iv). x(t) = e Vsin(t=1)u(t-1)
A13. (). i(t) = v,e " Dut-1

(ii). i) = v,[e" Put-1) — e """ Put-2)]
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TABLE OF LAPLACE TRANSFORMS

£ f(t)}is defined by jo‘” f(t)e™ dt

f(t) F(s) = £{f(t)}
1
1
1 P
S
2
1
t =
3 2
t2 ?
4
N n!
t g
5 —at 1
€ (s + o)
6
t —-at 1
€ (s + a)’
7
1 _ e—at a
S(s+ )
8
in(wt) @
: s + &?
9
(1) >
COS
s’ + o
10 2
1 — cos(wt) @
s(s* + @)
11 3 o
o t sin(wt) SO S
(s + o)
Over. ...




12

3

. 2w
sin(wt) — wt cos(wt ———
() () o)
13 Ssing + @cos¢@
sin(wt + @) 2 2
s + w
14
e “ sin(wt) -
(s+a) + &
15
e “ cos(wt) e
(s+a) + &
16 s
o .
e wt) — = wt
(cos( ) = Zsin( )j STar T o
17 a’ + o
e " + gsin(a)t) — cos(wt) 5 5
w (s+a)(s +w)
18
: B
sinh (5t) s - B
19
e ' sinh (St) b
(s+a) - B
20 s
h(ft
cosh(4t) s - B
21
e “" cosh(ft) S
(s+a) - B
22
e " f(t) F(s+a)
23
X X
24
% sX — x(0)
25
X s X — sx(0) — x(0)
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Unit Step Function

26 0, t<T 1
ut - T) = —e 5T
1 , t>T S
27
f(t-THu(t -T) F(s)e™™
Dirac Delta Function
28
o(t) 1
29
5(t — T) e_ST
Convolution Integral
30 ‘
jo f(z)g(t — z) dz
OR F(s) G(s)

jO‘ f(t — ) g(z) dz
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